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^T 1 ' Abstract 

<" 

qq ' The motivation of this paper is to study a second order elliptic operator which appears 

naturally in the studies on hypcrsurfaccs with constant r-mean curvature and Ricmannian 

geometry. We prove a generalized Bochner-type formula for such a kind of operators and as 

applications we obtain some sharp estimates for the first nonzero eigenvalues in two special 

cases. These results can be considered as generalizations of the Lichnerowicz-Obata Theorem. 
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1 Introduction 



Let M n be a Riemannian manifold and </> : TM — > TM a symmetric linear fibre transformation. 
For a smooth function / denned on M, S. Y. Cheng and S. T. Yau [13] introduced the following 
pg ' differential operator □: 

in ' 

where tr T denotes trace of the linear operator T : TM — > TM and Ht is the operator associated 
to the Hessian of / given by 



□/ = tv(H f 



ttess M f(X,Y) = (H f (X),Y),\/X,Y e TM. 
In this paper, we prove the following new Bochner type formula. 
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Theorem 1.1. Let M n be a Riemannian manifold and <j> : TM — > TM a symmetric linear 
transformation satisfying div0 = cV(tr^) for some constant c E M. Then for any smooth 
function f : M — > R, 

±D| V/| 2 =(V/, V(D/)) + <0(V/), V(A/)> + 2 tr(tf 2 o 0) 

+ 2Ric(V/>(V/)) + cHess(tr0)(V/,V/)-((A0)(V/),V/) 

-div((fl>o0)(V/)), 

where A0 denotes the tensor Laplacian of the linear operator (j> and V / denotes the gradient 
vector field of f. 

We would like to give some remarks before the applications. 

Remark 1.1. When (f> is the identity map, then 

div((fl> o 0)(V/)) = div(fl>(V/)) = i div(V|V/| 2 ) = ^A|V/| 2 , (1.1) 

and Theorem \1.1\ is exactly the Bochner formula for the Laplacian 

A|V/| 2 = 2(V/, V(A/)) + 2| Hess /| 2 + 2 Ric(V/, V/), 
see, for example, [T5] . 

Remark 1.2. .By ^ e standard way, one can obtain a direct generalization of Bochner formula 
for the differential operator □ without assuming div = cV(tr </>), see Theorem \2.1\ However, the 
terms which appear in this direct generalization are not familiar to most people and are difficult 
to compute in most of applications. To prove Theorem li.il we need a quite long computations. 

Remark 1.3. The hypothesis div </> = cV(tr^) in Theorem 11.11 above is quite natural in our 
applications. There are several natural linear operators in Riemannian geometry which satis- 
fies this condition besides to those we discussed below. We will justify some more of them in 
Proposition 15.11 



Of course, first application of the new Bochner formula is to recover the well-known Lichnerowicz- 
Obata Theorem about the first eigenvalue for the Laplacian. Before we state two more applica- 
tions for second differential operators, we discuss some known properties of □. 

Associated to <fi we have the (2, 0) tensor, still denoted by 4>, defined by 

J>(X,Y) = (<t>(X),Y),VX,Y ETM. 



For any point p £ M, we choose an orthonormal frame {e±, . . . , e n } at p and {uii, ■ ■ ■ , w n } its 
dual frame. The tensor <\> can be expressed as <fi = Y17j=i 't'ij^i ®Wj- So the differential operator 
D can be rewritten as 

n 

where /y are the components of Hessian and <j>ij = 4>(ei,ej). 

Here are two basic properties of the operator □. 

1) Following Cheng and Yau (Proposition 1 in p3]), we have (see also Proposition 15 .21 in the 
Appendix), 

n/ = div(0(v/)) - W ^ ^ y U, 



i.e., 



□/ = div(<KV/)) - (div0)(V/) = div(0(V/)) - (div& V/>. (1.2) 

n 

Here /, denotes components of V/ in the referential {e±, e2, . . . , e n }, i.e., V/ = N^ /jej. 
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2) We say that </> is divergence free if div (j> = or, equivalently, > ^y- = 0, for all 1 < j < n. 

i=i 
If M is compact, we know that □ is self-adjoint if and only if <j> is divergence free (see also 

|13j . Proposition 1). If <f> is symmetric and positive definite, then □ is strictly elliptic. Therefore, 
if (j> is divergence free, symmetric and positive definite, then D is a strictly elliptic, and self- 
adjoint. Futhermore, the spectrum of □ is discrete and it makes sense to consider eigenvalues, 
see for example [16], p. 214. 

Now let us explain the applications of Theorem 11.11 to get estimates for the first eigenvelue 
for two types of operators □ which arise naturally in Riemannian geometry and submanifold 
theory. 

a) Let us denote by Ric the Ricci tensor of M. Namely 

n 

Ric(X,Y) = Y,(R(X,e i )Y,e i ), 

i=l 

where R(U,V)W = V V V V W - V V V V W + V [uy] W is the curvature tensor of M. The scalar 
curvature R of M is defined by the trace of Ricci tensor. We will also denote by Ric the 
linear operator associated with the Ricci tensor, i.e., Ric(X, Y) = (Ric(X),Y), as well as its 
coordinates will be denoted by Ricjj . If {e\, . . . ,e n } is an orthonormal frame, the components 
of curvature tensor of M can be written by 

Rijki = — 3^ (Ricjfc Sji - Ric^ 5jk + Rio,-/ 5ik - Ricjfc So) 

~ 1 TY? T^i^ik^jl ~ Silbjk) + Wijki- 

[n — l)(n — I) 



where Wijki are the components of the Weyl tensor W. 
When n > 3, the Schouten operator of M is defined by 

5 = Ric ; -I. 

2(n-l) 

In this case, one can rewrite the components of curvature tensor by 

Rijki = — 3-^ (SikSji — SuSjk + Sji5ik - Sjkb~u) + Wijki- 
The operator Dg is defined by 

D s f = tr(fl> o S), 
i.e., 

n n 1 R \ 

□5/ = Yl S vfv = Yl [ mCi i ~ 2(n-l) 6ij J fij ' 

We prove (see equation (|5.ip . p. |27|) that S is divergence free (or equivalently, D^ is self- 
adjoint) if and only if M has constant scalar curvature. 

Definition 1.1. A Riemannian manifold is called to have harmonic Weyl tensor ifdivW = 0, 
or equivalently, the Cotton tensor vanishes. 

In this case, the Schouten operator is a Codazzi operator, i.e., Sij-k = Sik-j- Our first appli- 
cation of Theorem 11.11 is Theorem 13.11 and as a special case we have the following Theorem. 

Theorem 1.2. Let M n ,n > 4 be a compact Riemannian manifold which has harmonic Weyl 
tensor. If M has constant scalar curvature R and the Schouten tensor is positive definite, then 
the first nonzero eigenvalue fii(ds,M) satisfies 



,,-,■« n-2 f R 

m(a s ,M)> 



2(n-l) \R-2r 



r 2 - { — — — + Kq] r + -K R 
2(n-l) J 2 



(1.3) 



where Kq is the minimum of the sectional curvature of M, and r is the minimum of Ricci 

curvature. 

Furthermore, the equality holds if and only if M is the round sphere § n (K~o). 

Remark 1.4. Recall that a Riemannian manifold (M,g) is said locally conformally flat if, for 
any p S M, there exists a neighborhood V of p and a smooth function f defined on V such 
that (V,e 2 -'g) is flat. It is well known (cf. [S], p. 60) that M n , n > 4, is locally conformally 
flat if and the Weyl tensor vanishes. In |10] , Q.M. Cheng has proved that the only compact, 
connected oriented locally conformally flat n— dimensional Riemannian manifold with constant 
scalar curvature and non-negative Ricci curvature are those which are quotients of a space form 
or a Riemannian product S 1 x S n («). On the other hand, there are many examples of compact 
manifolds with harmonic Weyl tensor, see, for example, [8], p. 440-443- 



b) Our second application is about isometric immersions of submanifolds. 

Let M n be a n-dimensional Riemannian manifold and x : M n — > M be an isometric 
immersion of M to (n + l)-dimensional Riemannian manifold. Let us denote by A the shape 
operator of the immersion. Let Ai, A2, • • • > A n be the eigenvalues of A, i.e. the principal curvatures 
of the immersion. We define the symmetric functions associated to A by 

Or = / Aj x • • • Aj r . 
i\ <—<i r 

It is well-known that when r = 1, S± = trA =: H is the non-normalized mean curvature of x, 
S n = detA =: K is the Gauss- Kronecker curvature of x, and when M is the Euclidean space, 
we have S2 = R, the scalar curvature of M. 

The Newton transformations P r : TM —> TM, associated with the second fundamental form 
A, are indutively defined by 

Pq = I , P r = S r I — AP r —\ ■ 

Let us define the differential operator L r by 

L r f = tr(H f oP r ). (1.4) 

Note that P r is a symmetric linear operator, since it is a polynomial of A. The operator L r 
was first introduced by Voss in [28] and appears naturally in the study of variational theory for 
curvature functional A T = f M S r dM, which also called r— area of M. See for example [23] and 
[7] for more details. 

It has been shown by Reilly, [23], that P r is divergence free when M is a space form of 
constant sectional curvature. Therefore, under these assumptions, L r is self-adjoint. 

When r = 1, we have 

L 1 f = tv(H f oP 1 ). (1.5) 

The eigenvalues of L r plays an important role in the study of stability for hypersurfaces with 
constant r-mean curvature (see, for examples, [IHUE])- I n the case that A > 0, we have P\ 
positive definite. Therefore, L\ is an elliptic operator. We have the following first eigenvalue 
estimate. 

Theorem 1.3. Let x : M n — > M (k) be an isometric immersion of a compact Riemannian 
manifold into a space form of constant sectional curvature k. Suppose that shape operator A 
satisfies 

< ai < A < aal, 

where a > and a > 1 are constants. Then 



1) when k > 0, the first nonzero eigenvalue fJ,(Li, M) of operator L\ satisfies 

fi(L u M) > - (—^-^ \2{n - l)a 3 {n - a 2 ) + 2k(u - lfa - a] , 
2 \na — 1/ 

and 

2) when k < 0, the first nonzero eigenvalue fi(L\,M) of operator L\ satisfies 

u(Li, M) >-( na ) \2{n - l)a 3 (n - a 2 ) + 2n(n - l) 2 aa - a] , 
2 \na — 1/ 

where a = max tr(Hessi/L±)(p), and d = {u G T„M; (n, u ) = 0}. 

(p,i))GTM 

Furthermore, the equalities hold if and only if M is a geodesic sphere with the canonical 
immersion. 

Remark 1.5. If A > a > then, by using Gauss equation, Ric > (n — 1)[k + o 2 ] = Ricgn^) > 0, 
for a 2 > —k, and thus we can recover the original Lichnerowicz condition. 

Conversely, if we assume the lichnerowicz condition Ric > (n — 1)A > for some constant 
A > 0, then by using Gauss equation again, we have (Ao Pi(X),X) > (n — 1)[A — k]\X\ 2 . If we 
assume in addition that P\ > and A > k, then A > 0. 

Remark 1.6. If H is constant and A> k, then x(M n ) is a geodesic sphere. In fact, 



pn+l 



IS 



(1) if k = 0, by a Hadamard theorem, cf. [T7], |14j . the immersion x : M n - 
an embedding and x(M n ) is a boundary of a convex domain ofW n+1 . Thus by using the 
Alexandrov Theorem, cf. [5], x(M n ) is a round sphere; 

(2) if k, > 0, by do Carmo- Warner Theorem, cf. |14| . then x : M n — * § n+1 (ft) is an embedding 
and x(M n ) is either totally geodesic or contained in a open hemisphere. In the last case, 
x(M n ) is a boundary of a convex domain in S™ +1 (k). On the other hand, in [19], S. Montiel 
and A. Ros proved that if x : M n — > § u+1 (k) is an embedding such that S r is constant for 
some r and x{M n ) is contained in a open hemisphere, then M n is a geodesic sphere; 

(3) if k < 0, by do Carmo- Warner Theorem, cf. |14j . then x : M n — > H n+1 (K) is an embedding 
and x(M n ) is a boundary of a convex domain in M n+l (K). On the other hand, in [19j . S. 
Montiel and A. Ros proved that if x : M n — > EP +1 (k) is an embedding such that S r is 
constant for some r then M n is a geodesic sphere. 

The rest of the paper is organized as follows: In Section [2J we will give the proof of Theorem 
1.11 in Section [3] we prove Theorem 13.11 which implies Theorem II. 2\ and in Section 2] we prove 
Theorem 11.31 Finally in Appendix, we prove the Proposition 15.11 which may produce more 
examples of <p for the differential operator □. 



2 A Bochner-type formula 

In this section we will prove a Bochner type formula for the differential operator □ mentioned 
in the introduction. Let us start with the following general result. 

Theorem 2.1. Let M n be a Riemannian manifold and (f> : TM — > TM a symmetric linear 
transformation. Then, for any smooth function f : M — > M, 

|n(|V/| 2 ) = (V/, V(D/)) + (i^)(V/, V/) + \x(HJ o 0) - tr(fl) o V v /0), 

where (R ( j ) )(X,Y) = tr(4>o (Z t— > R(X,Z)Y))) and R is the curvature tensor of M. 

Proof. For a point p G M, for any orthonormal frame {e±, . . . ,e n } near p, we have |V/| 2 = 
E,(/0 2 and 



^(iv/i 2 ) = ^EEM/, 



2 



2^ 

jk 



= 22 $J fi<Pjk(fi)jk + 5J $J ^jk(fi)j(fi)k- 

i j,k i j,k 

Now we choose an orthonormal frame {ei,...,e n } such that is diagonalized at p, i.e. 
<^jfc = l^j^jk, where /ij are eigenvalues of {(f) jk)- Then we choose an orthonormal frame in a 
neighbourhood of p G M by parallel translating frame {e±, . . . ,e n } at p. Here at p, we have 
V ei ej = at p. Moreover, V ei ej = along the geodesic tangent to ei which implies V ei V ei ej = 
at p for all i,j. Thus we have 



\u{\vf\ 2 )=Y,fiH{fi)i3+T,^Ui)M 



1)3- 
h3 h3 

Since the terms (fi)j and {fi)jj denote differentiation of the function /j, in general they are not 
equal to the covariant differentiations fy and fyj of /. However, by the special choice of our 
frame, we have (fi)j = fij and (fi)jj = fijj at p. From Ricci identity, we have 

J 3 

3 3,1 



Therefore, at p 



i,j i,j,k i,j,k,l 

= E fifjki^jk + E ^( V ^' e i) V /' e fc) </>Jk 
ij,k j,k 

= E Mfjk4>jk)i - E fifjk4>jk;i + E ^( V /> e i) V ^' <^)> 

i,j,k i,j,k j 

= (V/, V(D/)> + (J^) (V/, V/) - ]T /i/j-fc^-fc-i. 



On the other hand, 



E fkifij<Pjk = tr(fl| o 






Hence 



in(|V/| 2 ) = (V/, V(D/)) + (i^)(V/, V/) + tr(tff o </>)- £ /i/^-fcji 



a,J,fe 



(V/, V(D/)) + (i^)(V/, V/) + tr(Hf o 0) - tr(H f o V V /</>). 



D 



Theorem 11.11 is the main tool to prove the results of this paper. We start using the proof 
of Theorem 12.11 which statement has less hypothesis than Theorem ll.il However, the terms Ra 
and tv(Hf o Vy/^) are not familiar to most people and they are difficult to compute in general. 
But the additional condition divcp = cV(tr<^) allows us to rewrite these terms into familiar 
expressions. 

Notice that, similar to Proposition 15.31 in the Appendix, we have 



E E<^ f* = tr ( x ^ ( v x<P)Vf). 



» \ 'J 

Then 

D/ = div(0(V/)) - tr(X m- (V^)V/). (2.1) 

Let us introduce a linear operator $?f defined by 

*/(«) = (V u 0)(V/). 
First, we prove the "Codazzi equation" for the linear operator tyf. 



Proposition 2.1. Let M be a Riemannian manifold and <f> : TM — > TM be a linear transfor- 
mation. Then for all smooth function f : M — > M, 

(Vx*f)(Y) - (Vy*/)(X) = <P(R(X, Y)Vf) - R(X, Y)<f>(Vf) 

- [(V x </> o H f )(Y) - (Vy0 o H f )(X)}. 
Proof. We have 

(V X *f)(Y) - (Vy*/)(X) = V x (f/(F)) - */(V*Y) - Vy(^/(X)) + */(VyX) 

= Vx(Vy0)(V/) - (V [Xi y]^)(V/) - Vy(Vx0)(V/) 
= VxVy(0(V/)) - V x (<A(Vy V/)) - VyVx(0(V/)) 

+ Vy(0(V x V/)) - V [x ,y](^(V/)) + 0(V [x ,y]V/) 
= -R(X, Y)(<f>(Vf)) - Vx(^(Vy V/)) 

+ Vy(0(VxV/)) + <A(V [Xi y]V/) 

= - J R(X,y)^(V/) - (V x <£)(VyV/) - cf>(V x V Y Vf) 
+ (Vy<^)(VxV/) + <KVyVxV/) + </>(V[x,y]V/) 
= -i2(X, Y)<f>(Vf) + 0(E(X, y ) v/) 

- [(Vx0)(VyV/) - (Vy0)(VxV/)], 
and it proves the desired result. D 

We will need two lemmas to complete the proof of Theorem 11.11 
Lemma 2.1. If div <fi = cV(tr</>), then 

(R^XVf, Vf) - ti(H f o V v/ ^) = Ric(V/, <£(V/)) - (div *,, V/> + cHess(tr 0)(V/, V/). 
Proof. Choosing X = V/ in the Codazzi formula of proposition above, we obtain 

(V V /*/)(y) - (Vy\P/)(V/) = <P(R(Vf,Y)X7f) - R(Vf,Y)<f>(Vf) 

- [(V V /0 o H f )(Y) - (Vy^ o H f )(Vf)]. 
Tracing identity above, noting that 

tr(V V /*/) = (V/,V(tr* / )), 

and 

(V Y <t>°H f )(Vf) = (Vy</>)(#/(V/)) = i(Vy0)(V|V/| 2 ), 



we have 
(V/, V(tr * f )) - tr(Y m- (Vytf/)(V/)) = (i^)(V/, V/) - Ric(V/, 0(V/)) 



tr(V V /^ o fl» + i tr(Y H- (Vy<£)(V| V/| 2 )), 



i.e., 



(i^)(V/, V/) - tr(fl) o V V /^) = Ric(V/, 0(V/)) + (V/ ; V(tr %)) 

Y H- (Vy0)(V|V/| : 

(2.3) 



tr(y H- (Vy*/)(V/)) - itr(y ^ (Vy</>)(V|V/| 2 )). 



Since dive/) = cV(tr</>), we have 

a ) tr (y ^ (Vy0)(V|V/| 2 )) = (div0, V|V/| 2 ) = c(V(tr0), V|V/| 2 ); 

b) trtt, = tr(y ^ (Vy^)(V/)) = (div0, V/> = c(V(tr </>), V/>. 
It implies 

(V(tr^),V/) = c{V/,V(V(tr0),V/)) = cV/(V(tr0), V/) 
= C (V v /V(tr0), V/> + |<V(tr0), V|V/| 2 ) 
= cHess(tr0)(V/, V/) + |(V(tr </>), V|V/| 2 ). 

Replacing these formulas in (|2.3p . and noting that 

tr (y _. (Vy*/)(V/)) = (div^V/), 
we obtain the result. □ 

Before to prove Theorem ll.il we need to find a more convenient expression for (div tyf, V/). 
First, let us recall some notations. Let <j> : TM — > TM be a linear operator. The first and the 
second covariant derivatives of (j> are defined by 

V<P(X,Y) = Vy(0(X)) - <MVyX), 
and 

(V 2 <P)(X, y, Z) = Vz(V^»(X, Y)) - V<P(V Z X, Y) - V<f>(X, V Z Y) 

= V • z{V Y {4>{X))) - Vz(0(VyX)) - Vy(0(VzX)) + ^(VyVzX) 
-Vv z y0(X) + 0(Vv z yX). 

10 



The Laplacian of 4> is the tensor A(fi : TM —> TM given by 

n 

(A4>)(X) = tr(VV)PO = E( V ^)( X ' e *> e * 



where {ei, e2, ■ ■ ■ , e n } is an orthonormal frame in TM. 

Lemma 2.2. If </> is symmetric, then 

<(A0)(V/), V/) = (div tt /a V/> - div((H/ o 0)(V/)) + tr(flj o 0) + (divfl>, 0(V/)>. 

Proof. Let {ei, e2, • • • , e n } be an orthonormal frame which is geodesic in p G M. By using the 
definition of covariant derivative, we have 

(VV)(V/,e i>ei ) = V e ,(V ei (0(V/))) - V ei (^(V ei V/)) - VeMVe t Vf)) 

+ <A(v e ,v ei v/) - v Vei e^(v/) + -KVv^v/). 

Since 

n 
div* / = ^(V ei */)(e i ) 

i=l 
n 

= ^[Ve i (*/(e i ))-*/(V ei e i )] 

n 

= E V ^(( V -»( V /)) 
t=i 

n 

= E [Ve^VeMV/))) " V ei (0(V ei V/))] , 
i=l 

we have 

n n n 

E(V 2 0)(V/,e,, ei ) = div*/ -X>e;(<HV e ,V/)) + J>(V ei V ei V/). 

i=l i=l i=l 

They imply 

n 

((A0)(V/),V/) = (div^,V/) - E(V £l (^(V ei V/)), V/> + ^(V ei V ei V/),V/). 

i=l 
On the other hand, by using the symmetry of (f>, we have 

<V ei (<KV ei V/)),V/) = (Ve,((^ff/)(e ! )),V/) 

= e i ((0ofl»(e i ),V/)-(^ofl>(e i ),Ve 4 V/> 

= e^, (il/ o 0)(V/)) - {(if/ o o H f )(e t ),e t ) 

= (e u V ei (H f o <£)(V/)> - {(H f o o H f )(ei),ei), 

11 



i.e., 

n 

Ys&eM o H f )(e, t )),Vf) = div((H f o 0)(V/)) - tr(HJ o 4>). 
By using the symmetry of <fi again, we have 

(0(V ei V ei V/),V/) = <V ei V ei V/,<XV/)> = (V^Hfie,)),^/)) = <divfl>,0(V/)>. 
Then 

((A^)(V/),V/> = (div* / ,V/>-div((fl' / o0)(V/))+tr(flJo0) + <div(fl- / ),0(V/)). 

D 
Now, we are ready to conclude the proof of Theorem II. H 
Proof of Theorem \1.1[ By using Lemma 12.21 

-(divtf,, V/) = -<(A0)(V/), V/> - div((fl/ o 0)(V/)) +tr(fff o 0) + <divfl),0(V/)>. 
Then 

(fl*)(V/, V/) - tr(ff, o Vv/«) = Ric(V/, 0(V/)) - «A*)(V/), V/) 

+ cHess(tr</>)(V/,V/). 



div(Cff, o <£)(V/)) + tr(ij| o </>) + (div F/, 0(V/)) 



(2.4) 



On the other hand, choosing a geodesic frame and by using Ricci identity, we have 

n n 

(divH f ,4>(Vf)) = ^<(V e ,H/)(e;),<KV/)) = £<Ve,(fl)(ei)),#V/)> 

i=l i=l 

n n 

i,j=l i,j=l 

n n 

i,j=l i,j,k=l 



(V(A/)>(V/)) + £ / fc (E(e fc ,e i )e i , ei )(e i ,0(V/)) 

i,j,fe=l 

/? 

(V(A/), <£(V/)> + ^(i?(V/, ei)0(V/), ei> 
(V(A/),</)(V/))+Ric(V/,0(V/)). 

12 



Replacing this expression in the equation (|2.4p . we get 

(i^)(V/, V/) - tr(fl) o V V /0) = 2Ric(V/,^(V/)) + (V(A/),0(V/)) - <(A0)(V/), V/) 

- div((fl> o <£)(V/)) + tr(#| o 0) + +cHess(tr 0)(V/, V/). 

Finally, replacing the last expression above in the formula of the Theorem I2.1[ we obtain the 
result. □ 

3 Estimate of first eigenvalue of the Shouten operator 

The main purpose of this section is to prove Theorem 13.11 A special case of this Theorem is 
Theorem 11.21 where the scalar curvature is constant. Before proving Theorem 13. 1\ we need to 
prove four lemmas. 

Lemma 3.1 (Generalized Newton inequality). Let A and B be two n x n symmetric matrices. 

If B is positive definite, then 

, „o x [tr (AB)] 2 , s 

tr(A 2 B) > [ ^ B n , (3.1) 

and the equality holds if and only if A = al for some a£R. 

Proof. Let C be a positive definite matrix. By using the Cauchy-Schwarz inequality with AyC 
and (VC) _1 5, and the fact tr[(AS) 2 ] < tr(A 2 B 2 ), which holds for symmetric matrices, we have 



[tr(AB)] 2 = tr{A\fC{VC)- 1 B) 2 < ti{A 2 C)ti{B 2 C~ l ). 
In particular, since B is positive definite, we can choose C = B to obtain 

[tr(AB)] 2 < tT(A 2 B)tvB, 

MA'B) > |tr(AB) ' 2 . 

tr B 
The equality holds if and only if 

A^/B = aiVBy^B <& (AVB)^/B = a{y/B)- 1 By/B «• AB = aB <& A = al. 

□ 

Remark 3.1. When B = I, the inequality ()3.ip becomes 

\\A\\ 2 >-(tvA) 2 , 
n 

which is known as (classical) Newton inequality. 

13 



When A = Hf and B = (p, (pTTj) implies 
Lemma 3.2. If (j) is positive definite, then 






ti(H 2 f o </>) > 



IM 

Proof. Since 



and the equality holds if and only if, Hf = al, i.e., Hess f(X,Y) = a(X,Y). 

In Proposition 15.11 item (4), in the Appendix, we have 

divS = V(trS). 

Then we can apply the formula of Theorem 1 1.11 Moreover, S is divergence free if and only if M 
has constant scalar curvature. 

When S is not divergence free, next two lemmas will be useful in the estimates. 

Lemma 3.3. Ifdivcp = cV(tr</>) and if f : M — > R is an eigenfunction o/D with eigenvalue //, 
we have 

(<KV/), Vf)dM = J (|A(tr <j>) + M ) / 2 <iM. 

^□(/ 2 ) = /n/ + (^(v/),v/), 

we have 

/ (4>{Vf),Vf)dM = \ [ U{f 2 )dM- [ fUfdM. 

J M l JM JM 

On the other hand, 

l -U(f 2 ) = Idiv(0(V(/ 2 ))) - i(div<A,V(/ 2 )) 

= I d iv(0(V(/ 2 )))-^V(tr0),V(/ 2 )>. 
Integrating the equation above and by using Divergence Theorem, we have 

\ f n(f)dM = ~ f (V(tr0),V(/ 2 ))(iM. 

1 JM z JM 

Since 

div(/ 2 V(tr</>)) = / 2 A(tr</>) + (V(tr 0), V(/ 2 )>, 

then 



/ <V(tr^),V(/ 2 )>dM = ^ [ A(ti^)f 2 dM. 

JM z JM 
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Therefore, 

/ (4>(Vf),Vf)dM = l [ U(f 2 )dM- [ fDfdM 
J M z Jm Jm 

= - C -\ <V(tr^),V(/ 2 )>dM + ^ / fdM 
z Jm Jm 

= C -\ A(tr0)f 2 dM + f i [ fdM. 
z Jm Jm 

□ 
Lemma 3.4. If (j) is a symmetric (2,0)-tensor and f : M — > R is a smooth function, then 

- [ A/(V(tr0),V/)dM= / Hess(tr0)(V/,V/)dM-i / A(tr0)|V/| 2 dM. 

Jm Jm z Jm 

Proof. A straightforward calculation yields 

Hess(tr<£)(V/,V/)dM = I (V V /V(tr<£), Vf)dM 

m Jm 



m 



V/(V(tr0),V/)dM- [ (V(tr0),V V /V/) 

Jm 



(V/,V(V(tr0),V/)}dM- J / (V(tr0),V|V/| 2 )dM. 
By using the identity div(/X) = /div(X) + (X, V/), we get 

1) div((V(tr^),V/)V/) = (V(tr0),V/)A/ + (V/,V(V(tr^),V/)) 

2) div(|VjfV(tr^>)) = |V/| 2 A(tr</>) + (V(tr 0), V|V/| 2 ). 

Integrating these expressions and applying divergence theorem, we obtain 

f (V/,V(V(tr0),V/»dM = - I A/(V(tr0),V/)dM 
Jm Jm 

and 

2 dM. 



IM 

Therefore, 



(V(tr<^),V|V/| 2 )dM = - / A(tr^)|V/p 

Jm 



Hess(tr$(V/,V/)dM = - / A/(V(tr0), Vf)dM + \ f A(tr0)|V/| 2 dM, 

'm J m z Jm 

and the result then follows. □ 

Now let us prove the following Theorem which is more general than Theorem 11.21 
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Theorem 3.1. Let M n ,n > 4 be a compact, without boundary, Riemannian manifold which has 
harmonic Weyl tensor. Suppose the Schouten tensor is positive definite, and there exists fj, € M 
and a smooth function f : M — > R such that 

a s f + f if = o. 

Then 



1 / R 



ji?Ao 



where 



r = Ag + f ^^ - /^ A + -^-^mini?, */K > 0, 
\2(n — 1) / 2(n — 1) M 

r = Ag + (^^y - #o) A + i^, */#o < 0, 

n-2 

■ max Ait, 



2(n - 1) M 

n-2 
2(n — 1) (p,«)eT.M 

n-2 



a = -^- — max tr(Hessfi|^x)(p),t; ={a£ T p M; (u,v) = 0}, 



R = maxftr S) = —, r max R, 

m y ' 2(n - 1) M ' 

Ao is the minimum of the eigenvalues of S, and Kq is the minimum of the sectional curvature 

ofM. 

In particular, if R is constant, then Ds is self-adjoint and we choose \x = /ii(Ds,M). In this 

case, 

Furthermore, the equalities in the estimates above hold if and only if M = S n (A'o). 

Remark 3.2. In order to see how the right hand side of \3.2\i gives the proof of Theorem M.SX 
let r be the minimum of Ricci curvature. Since R is constant, we have 

\ R 

Ao = r 



2(n-l) 
Replacing expression above in the estimate 

/ii(D S ,M)>^ 



2 \R-X 
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we have 



n ~ 2 R 
R 2(n-l) n-2 R 



R-X Q n-2 ( R \ n-\R-2r 

-R 



2{n - 1) V 2 (n - 1) 



and 



-\U '^^-K )\ + -^-K R 



2(n-l) 7 u 2(n-l 



V ( R „ \ ( R \ n-2 jr 
+ ( — - K Q )[r - + —. -rK R 



2(71-1)/ V 2 ^- 1 ) 7 V 2 (n-l)7 2(n-l) 



\2(n-l) J 2 

Therefore, the estimate becomes 



/r , ir , n-2 f R 

m(ns,M)> 



,2 



i? „ \ 1 



r " TT7 TT + ^0 r + -i-C # 



2(ra-l) 7 2 



2(re-l) \R-2r 
Proof of Theorem \3.1[ The Bochner formula of Theorem 11,11 in this case becomes 

^□s|V/| 2 = (V/, V (□<?/)) + 2tr(tf 2 o 5) + (5(V/), V(A/)) 

+ 2Ric(V/,S(V/)) + Hess(tr5)(V/,V/) (3-3) 

- <(AS)(V/), V/) - div((fl> o 5)(V/)). 

Let us integrate and estimate each terms in the equation (j3.3|t . We will complete our proof 
after proving several claims. 



Claim 1. i / DslV/l 2 = J / A(tr 5)|V/| 2 dM. 



In fact, 



J / U s \Vf\ 2 dM = \ f dw(S(V\Vf\ 2 ))dM-l- f (div5,V|V/| 2 )dM 



\ I (V(tr S),V\Vf\ 2 )dM 



■i / div(|V/| 2 V(trS))dM+i / A(trS)|V/| 2 dM 



i / A(trS)|V/| 2 dM, 



and Claim 1 follows. 



17 



Claim 2. 



(S(Vf),V(Af))dM = -ii[ \Vf\ 2 dM+f Hess(tr5)(V/,V/)dM-i / A(trS)|V/| 2 dM. 

Jm Jm l Jm 



M 

In fact, by using Lemma 13.41 we have 



/ (5(A/), V(A/))dM = / div(A/ • S(Vf))dM - [ A/ • div(5(V/))dM 

JM JM JM 

=- / Af-D s fdM- ! Af(divS,Vf) 
Jm Jm 

=fi [ fAfdM- [ A/<V(trS),V/) 

JM JM 

=-/■» / |V/| 2 dM+ / Hess(trS)(V/,V/)dM 

Jm Jm 



\ [ A(tr S)\Vf\ 2 dM. 

1 JM 



Claim 3. 



f [2Ric(V/,5(V/)) + Hess(tr5)(V/,V/)-((A5)(V/),V/)]dA/>r / |V/| 2 dM. 

Jm Jm 

To prove this claim, first note that 

Ric(V/,5(V/)) = <Ric(V/),S(V/)) 

Since S* is a Codazzi tensor, 

n n n 

{/\b)ij := y ^>ij;kk = / ^ik;jk = / ^ki;jk- 
k=l k=\ k=l 

By using Ricci identity 



^ki;jk ^ki;kj > / ^mk^rnijk ~r / ^mi^mkjki 



m=l m=l 
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and following a computation of Cheng and Yau, cf. [13], we have 

n n n 

{^■JJij — / Jkk;ij "T / ^rnk^mijk "r / ^ Jmi^imkjk 
k=l m,fc=l m,fc=l 



m=l m,k=l 

n , R \ n 

= (tl Djij + / ^mi I "^m? T" ^T7 iT^"ij I T / ^mk^mijk 

rn=l ^ \ I / m ^k=l 

n „ n n 

— ^trDJjj + > Jmi^mj ~r ^ry tt" ? J-mi^mj T / Jmk^-mijk 

m=l m=l m,fc=l 

= (trojjj + (o jjj H JJ'-'y + / , ^mk-^hnijk- 

m,k=l 

We now choose an orthonormal frame such that S^- = Aj^j at a point p £ M. Let K(u, v) denote 
the sectional curvature of the plane generated by u, v. Then 



2Ric(V/,S(V/)) + H e ss(trS)(V/,V/)-((AS)(V/),V/) 

n 

/ ■^k^kijkjij j 
i,j,k=l 

= EA^ + -^-^^A^ + ^ AfcK (e fc ,V/)[|V/| 2 -(e,,V/) 2 ] 

i=l ^ ' *=1 fe=l 

t=i ^ ' *=i fe=i 

Note that, if i^ < 0, then — - K > 0, and if K > 0, then 

2(n — 1) 



,-1— ^^(^e^-ifo 



2(n-l) 2(n - 1) ^ 

2,7 = 1 



- 2(n-l) 

f-l)«„>0. 
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It implies, 



2 Ric(V/, 5(V/)) + Hess(tr 5)(V/, V/) - <(AS)(V/), V/) 



sg *?/? + (^ - *,) E ^ + 5^ w/f 



> 



A|! + 



i? 



r? — 2 



|v/p 



' \2{n-l) "V " u ' 2(n-l) 

Then the claim follows from the definition of I\ 

Now we are ready to complete the proof of Theorem 13.11 Since Dg/ = — /if, we have 



/ (V/,V(D 5 /)) = -/i/ \Vf\ 2 dM 

JM JM 

and, by using the Lemma 13. 11 

2 / ti(H 2 f o S)dM > 2 / 
Jm Ja 



E^dM > 2 £ f put, 

m tr5 i? y M 



(3.4) 



(3.5) 



where R = max^ (tr S) 



71-2 

2(n-l) 



maxjv/ i?. 



Since, by using Divergence Theorem, / div((ify o S)(Vf))dM = 0, then replacing these 
estimates in the equation (|3.3p . p. [TTJ, we have 

J / A(trS)\Vf\ 2 dM >-2fx I \Vf\ 2 dM + I Hess(tr 5)(V/, V/)dM 

-i / A(tr5)|V/| 2 (iM + ^- / / 2 dM + r / |V/| 2 dM, 
2 Jm -ft Jm Jm 



i.e., 



0>-2fi f \Vf\ 2 dM+ I [Hess(trS)(V/,V/)-A(trS)|V/| 2 ]dM 

iM JM 

+ %g_ f f 2 dM + r J | V /| 2 dM. 
-ft Jm Jm 

Let a = max (tr(Hess R) Lx ) (v) , where f -1 = {u E T„M; (u, v) = 0}. Then 

(p,d)€TM 



[Hess(trS)(V/, V/) - A(tr S)|V/| 2 ]dM 

M A n 



n-2 



tr(Hessi?)| v/ x|V/| 2 (iM 



\Vf\ 2 dM 



n-2 
" 2(n - 1) JM 

> ~ o f \Vf\ 2 dM. 
Jm 
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Thus, 

0>(r-2^-a) I \Vf\ 2 dM + ^- I fdM. (3.6) 

JM R Jm 

By using Lemma 13.31 we have 



/ \Vf\ 2 dM<±- / (5(V/),V/)dM 
Jm a o Jm 

= ±- [ (A(tr S) + ^ fdM 
A o Jm 



Then, by using inequality (|3.6j) . 

0>(T-2pi-a) [ \Vf\ 2 dM + ^-(^-) f \Vf\ 2 dM, 
Jm R V/ i + °J Jm 

Solving this quadratic inequality we have the estimate in the theorem. 

The estimate (|3.2|) follows because b = a = if R is constant. 

n- 2 
To prove the equality case, we suppose Kq = 1 and M n = § n . In this case 5 = /, 

n — 2 (n — 2)(n — 1) 
Osf = ^/ an d r = . Then the estimate becomes equality. Conversely, if 

the equality holds, Lemma 13.11 p. fl3l gives us that Ht = al. Following the proof of Obata 

Theorem step-by-step, cf. [21j . we can see that M is a sphere. □ 



4 The estimate of the first eigenvalue of L 



i 



This section will give the proof of Theorem 11.31 We start with the following lemma. 

Lemma 4.1. Let x : M n — > M (re) be an isometric immersion of a n-dimensional Rieman- 
nian manifold M into a (n + 1)- dimensional space form M of constant sectional curvature re. 
Then 

2Ric(V/,Pi(V/)) - ((APi)(V/), V/) = Hess(F)(V/, V/) - (Atf)|V/| 2 + (Q(A)(V/), V/), 

(4.1) 
w/iere Q(A) = 2A 3 - 3HA 2 + (2H 2 - \A\ 2 - re(n - 2))A + re(2n - 3)HI. 



Proof. By using Simons type equation, cf. [20] . [25] . 

(Ai4)(X) = VxVff + (/en - \A\ 2 )A{X) - kHX + FA 2 (X), 
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we have 

-((AP 1 )(V/),V/)=((A^-(AiI)I)(V/),V/) 

=((A^l)(V/),V/)-AF|V/| 2 
= Bess(H)(Vf,Vf) + (Kn-\A\ 2 )(A(Vf),Vf) 
+ H(A 2 (Vf), V/> - kH\ V/l 2 - AF|V/| 2 . 
By using Gauss equation 

(R(X,Y)Z,T) = k((X,Z){Y,T) - (Y,Z)(X,J)) 

+ (A(X), Z)(A(Y),T) - (A(Y),Z)(A(X), T), 
we have 

(P(V/, ei )Pi(V/), ei ) = K((Vf,P!(V /))(*,*) - (ci,i\(V/))(V/,ei» 

+ (A(V/),Pi(V/))(A(e i ),e i )-(A(e i ) > Pi(V/))(A(V/),c i ). 
After tracing, we obtain 

2Ric(V/,P 1 (V/)) = 2 K (n-l)(V/,P 1 (V/))+2i/(A(V/),P 1 (V/))-2(^ 2 (V/),P 1 (V/)) 
= 2K(n - 1)(V/, (#1 - A)(V/)> + 2H(A(Vf), (HI - A)(Vf)) 

-2(A 2 (Vf),(HI-A)(Vf)) 
= 2k{u - l)H\Vf\ 2 + (2H 2 - 2k{u - l))(A(Vf), V /) 
- 4H(A 2 (Vf), V/> + 2(^ 3 (V/), V/). 
Then 

2Ric(V/,Px(V/)) - ((AP)(V/), V/> = Hess(Pf)(V/, V/) - (AF)|V/| 2 + <Q(A)(V/), V/). 

□ 
Next lemma is a local estimate for Q(A). 
Lemma 4.2. If < al < A < aal and k > 0, £/ien 

(Q(i4)pQ, X) > [2(n - l)a 3 (n - a 2 ) + 2«;(n - l) 2 a] |X| 2 , 
and if K < 0, then 

(Q(A)(X),X) > [2(n - l)a 3 (n - a 2 ) + 2/e(ra - l) 2 aa] |X| 2 , 
/or any X 6 TM. 
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Proof. Let {e±, . . . ,e n } be an orthonormal base of eigenvectors of the shape operator A, and 
hi, h 2 , . . . , h n be its eigenvalues. For k > 0, we have 

(Q(A)(e i ),e l ) = 2/if - 3Hh 2 + (2H 2 - \A\ 2 )hi - n{n - 2)ht + k{2u - 3)H 

= 2h\ - 3h 2 (hi + H-hi) + 2(H 2 - \A\ 2 )hi + \A\ 2 hi 

+ K[(n-2)(H-hi) + (n-l)H] 

= (\A\ 2 - h 2 )hi + 2S 2 hi ~ 3h 2 (H - hi) + K [(n - 2){H - hi) + (n - 1)H] 



> hi 



2S 2 + 2h 2 + J>? - Y,{h 2 + h 2 ) - Y, hihj 

j=i j=i j=i 



and if k < 0, 



+ K[{n-2){H-hi) + {n-l)H} 
= h l [2S 2 -(n-l)h 2 -h l (H-h l )] 
+ n[(n - 2){H - hi) + {n- l)H] 

> 2a[S 2 - (n - l)a 2 a 2 } + k[(u - 2){n - l)a + (n - l)na] 

> 2a[S 2 - (n - l)a 2 a 2 } + 2k(h - l) 2 a 

> 2a(n(n - l)a 2 - (n - l)a 2 a 2 ) + 2n(n - l) 2 a 
= 2(n - l)a 3 (n - a 2 ) + 2«(n - l) 2 a. 

(Q(A)(ei), ei) > 2a[S 2 - (n - l)aV] + 2 K (n - l) 2 a 
> 2(n - l)a 3 (n - a 2 ) + 2«(n - l) 2 aa. 



(4.2) 



(4.3) 

a 



Now we are ready to prove Theorem 11.31 

Proof of Theorem \1.'J[ Applying the formula of Theorem 11.11 to the operator L\ we have 

\l x \Vf\ 2 =<V/, V(Li/)> + <Pi(V/), V(A/)> + 2tr(tf 2 o P x ) 

2 (4.4) 

+ 2Ric(V/,Pi(V/))-((AP 1 )(V/),V/)-div((iI / oP 1 )(V/)). 

Integrating this formula and, by using Divergence Theorem and the fact that L\ is divergence 
free, we have 



= / (Vf,V(L l f))dM+ [ (P 1 (V/),V(A/))dM+ f 2ti(H}oP 1 )dM 

Jm Jm Jm 

+ / [2Ric(V/,Pi(V/))dM-((AP 1 )(V/),V/)]dM. 

JM 



(4.5) 
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Let us estimate each of these integrals. The three first integrals in expression (|4,5p have canonical 
estimates, as follows. Since L\f = —[if we have 

/ (Vf,V(L l f))dM = -[i [ \Vf\ 2 dM. 
Jm Jm 

By using Divergence Theorem in the expression 

div(A/P 1 (V/)) =A/div(P 1 (V/)) + (Pi(V/), V(A/)} 
=A/-L 1 / + (P 1 (V/),V(A/)>, 
we obtain 

/ (Pi(V/),V(A/))dM=- / Af-L x fdM 

Jm Jm 

=li f fAfdM 

Jm 

=-[i f \Vf\ 2 dM. 
Jm 

Applying Lemma 13. II p. [TBI we obtain 

2 / tr(J3j o Pl )dM > 2 / -^?dM > 2 ^. [ fdM, 
Jm Jm i n ~ l ) H n i n ~ l)aa Jm 

where we have used that trpt = (re — 1)H. To estimate the last integral, we claim that, for 
k> 0, 



[2Ric(V/,Pi(V/))dM-((AP 1 )(V/),V/)]dM 



M 



> [2a 3 (n - l)(n - a 2 ) + 2«a(n - l) 2 - a] f \Vf\ 2 dM 

Jm 



and for k < 0, 



/ [2Ric(V/,Pi(V/))dM- <(APi)(V/),V/)]dAf 

> [2a 3 (?i - l)(n - a 2 ) + 2 K aa(n - l) 2 - a] / |V/ | 2 dM, 
where a = max (tr(HessiT)Lx(p)), v -1 = {u S T p M;(u,v) = 0}. In fact, by using Lemma 

(p,v)<=TM 

14. 1| we have 

[2Ric(V/,Px(V/)) - ((APi)(V/),V/)]dM = / [Hess(P)(V/, V/) - (Atf)|V/| 2 ] dM 

J M 

+ / (Q(A)(V/),V/)dM. 

JM 



M 



'M 
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By using Lemma 14.21 we have 

f (Q(A)(Vf), Vf)dM > [2(n - l)a 3 (n - a 2 ) + 2k(h - l) 2 a] I \Vf\ 2 dM 
Jm Jm 

for k > 0, and 

I (Q(A)(Vf),Vf)dM>[2(n-l)a 3 (n-a 2 ) + 2K(n-l) 2 aa] I \Vf\ 2 dM 
Jm Jm 

for ft < 0. On the other hand, 

ss(H) (iwiw)- ( H |v/|2<iM 

>-a [ \Vf\ 2 dM. 
Jm 

Replacing these estimates in expression (|4,5p . we obtain, for k > 0, 

0>-2/x / \Vf\ 2 dM-a [ \Vf\ 2 dM+ 2/i / / 2 dM 

7a/ Jm n(n - l)aa J M 



(Hess(tf)(V/, V/) - (Aff)|V/r)dM = / 

M iM 



C 



+ [2(n - l)a d (n - a 2 ) + 2«(n - l) 2 a] / |V/| 2 dM, 

JM 

and an analogous expression for k < 0. Note that 

(n - l)a|V/| 2 < (Pi(V/), V/> < (n - l)aa|V/| 2 . 
Since |Li(/ 2 ) = /Li/ + (V/,Pi(V/)), by using Divergence Theorem, we have 

/ (Vf,P 1 (Vf))dM = - [ fL 1 fdM = n [ fdM. 

Jm Jm Jm 



It implies 



Then, 



i.e., 



Therefore, 



f f dM > {n l)a I \Vf\ 2 dM. 
Jm A 4 Jm 

0>(-2/*-a + C) f \Vf\ 2 dM + ^- I \Vf\ 2 dM, 
Jm n a Jm 



2m 
-2/i + — - a + C < 0. 

na 



M> o ( I Ua ) [ 2 ( n ~ l)a 3 (n-a 2 ) + 2ft(n- l) 2 a - a] , 
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2 \ra 



for k > 0, and 



-J [2(n - l)a 3 (re - a 2 ) + 2«(n - l) 2 aa - a] , 



1 / na 
u>-[ 

2 \na — 

for k < 0. Now, consider the case of the canonical immersion of a geodesic sphere x : § n (a) — )• 
M (k). In this case we have A = al, a = 1 and Li/ = n{n — l)aAf. Since fi(Lx,M) = 
n(n — l)a[a 2 + k] then, replacing these data in the estimate, the inequality becomes equality 
and the estimate is sharp. On the other hand, if the equality holds, the equality case of Lemma 
13. 1| p. [13] implies that Hj = cl, for some real constant c, and following proof of Obata Theorem, 
cf. [21], we can conclude that M is a geodesic sphere. □ 



5 Appendix 

In this appendix we prove the Proposition mentioned in the introduction which gives examples 
of tensor cp, we refer to [11] for more related discussions. 

Proposition 5.1. Let M be a Riemannian manifold. 

(1) If M has constant scalar curvature and c is a real constant, then the linear operator 
S c := Ric —cl satisfies div S c = 0; 

(2) The Einstein operator E := —RI — Ric satisfies div E = 0; 

(3) If ' M is an immersed hypersurface in an Einstein manifold, then the Newton transformation 
Pi satisfies div Pi = 0; 

(4) If M is an immersed hypersurface in an space form of constant sectional curvature, then 
the Newton transformation P r satisfies divP r = 0; 

(5) The Shouten operator S satisfies div 5 = V(trS'); 

(6) If M is locally conformally flat, then the Newton transformations Tf.(S) = T^ associated 
with S, 1 < k < n, satisfies divTk(S) = 0. 

Proof. It is well known, cf. [22], p. 39, and [13], p. 197, that 

div(Ric) = -dR. 

If M has constant scalar curvature, then div(Ric) = 0, which implies that div(S' c ) = 0, since c 
is constant. Claim (2) follows from 

div£ = div(Ric) - - div(-RI) = -dR - -dR = 0. 
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The proof of claim (3) is simple and follows from well known identity 

div(A) = dH, 
which holds for hypersurfaces immersed in an Einstein manifold, (see [15j . for a proof). We have 

div(Pi) = div(-HT) - div(A) = dH - div(A) = 0. 
The proof of claim (4) can be found in [23] or [23]. To prove claim (5), we can use the identity 

n 1 

y Ricjj-j = —Ri, to obtc 



tarn 



n n , R \ 



j=i j=i 



n n E> 

Ik * 



(5.1) 



2 2(n - 1) 

n-2 



2(n-l) 
= (tr5)i, 

i.e., 

divS = V(tr5). 

Claim (5) was proved by Viaclovsky, and can be found in [27] . □ 

Now, we prove some properties of operator □ mentioned along the paper. Following the 
ideas of [13], Proposition 1, we have 

Proposition 5.2. Let <p : TM — > TM be a linear operator and f : M — > M be a smooth function. 
Then 

a/ = div(<xv/)) - E E &iu I /- ( 5 - 2 ) 

Proof. Indeed, at any point p S M, we choose an orthonormal base near p and geodesic at p, 
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then we have 



i,3 hJ 



J2 ( Yl Mi ) - S I S for* fi 

3 V i I j i \ 3 j 



* \ 3 

div^v/))-^!^^)/,. 



By using the definition of divergence of <f>, we can rewrite the expression of Proposition 15.21 
as 

D/ = divOKV/)) - (div0)(V/) = div(0(V/)) - (div& V/>. (5.3) 

Proposition 5.3. A linear operator <j) is divergence free if and only if 

tr(u H> 0(V u v)) = tr(u h-> V u 0(f)), Vv G TAf. 

Equivalently, 

tr(X ^ (V x <j>)v) = 0, VuG TM. 

Proof. Let {ei, . . . ,e n } be an orthonormal frame near p £ M which is geodesic in p G M. If 

n 

v = y^v^ej, then 



tr(« ^ <KV u u)) = ^(eiXVe^)) = S ( e *,<K e *(^) e j)> = Y 

i=\ i,j=l i,j=X 

From 



V^ji. 



tr(« i-> V u <£(u)) = 5^(ej, VeXv)) 



n 
n 
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we have 

n 

tr(tt \-> (p(V u v)) = tr(u ^ V u 0(u)),Vv G T p M <£> ^<fe = 0. 

D 
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